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Abstract

The time-dependent neutron transport problem is approximated using the
Pomraning-Eddington  approximation. This approximation is two-flux
approximation that expands the angular intensity in terms of the energy density
and the net flux. This approximation converts the integro-differential Boltzmann
equation into two first order differential equations. The Adomian decomposition
method that used to solve the linear or nonlinear differential equations is used to
solve the resultant two differential equations to find the neutron energy density
and net flux, which can be used to calculate the neutron angular intensity through
the Pomraning-Eddington approximation.
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1. INTRODUCTION

Neutron transport theory is concerned with the migration of neutrons through bulk media.
Since the probabilities of scattering of neutrons to all directions in a reactor are not equal to
each other as in isotropic scattering, the neutrons are migrated anisotropically. The forward
and backward scattering of neutrons in a system can be characterized as anisotropic scattering
[1]. The particle flux can be obtained as a solution of the Boltzmann transport equation. The
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Boltzmann transport equation in its various integro-differential forms can be used to solve
problems arising in reactor physics, astrophysics, charged particle plasmas, traffic flow,
radiative transport and transport of particles in porous media [2, 3]. A large collection of
works exists on the one-speed neutron transport equation (NTE) with isotropic, linearly
anisotropic, and strongly anisotropic scattering for slabs, spheres and cylindrical media [4-

17].

Analytical and numerical approaches to solve the neutron transport problems have been of
interest to the scientific community. Among these approaches, there are the diffusion
(Eddington) approximation [4, 5], the spherical harmonics or Py method [1, 6, 7], finite
element method [8, 9], the discrete ordinates method [10], Ty approximation method [11, 12],
Jacobi polynomials approximation method [13], the rigorous integral equation model [14, 15]
and Mote-Carlo method [16].

Pomraning suggested a modification of the Eddington (diffusion) approximation [17]. We
caled this approximation as Pomraning-Eddington approximation (PEA). PEA was used to
solve the time-independent radiative transfer equation [17-20]. This approximation is a flux-
limited approximation, which approximate the particle angular intensity in terms of the
energy density and the net flux. Here, we will use the PEA as an approximation to the
transient neutron transport equation (TNTE). This approximation changes the TNTE, which is
an integro-differential equation for the angular intensity, into two first order linear differential
equations in terms of the energy density and net flux. These two first order differentia
equations will be solved using the Adomian decomposition method (ADM) [21-26].

The ADM had been represented by Adomian [21, 22] and has been modified by Wazwaz [23,
24] and more recently by Luo [25, 26]. This method is useful for obtaining closed form or
numerical approximation for a wide class of stochastic and deterministic problems in science
and engineering [21-31]. These problems involve algebraic, linear or nonlinear ordinary or
partial differential equation, integro-differential, integral and differential delay equations.

The present work is outlined as follows: The time-dependent neutron transport problem is
described in section (2). In section (3), the PEA is used to approximate the TNTE into two
first order differential equations. The ADM is used in section (4) to solve the two first order
differential equations of the PEA. Section (5) contains the discussions and the conclusions on
the results.

2. PROBLEM REPRESENTATION

The time-dependent neutron transport through absorbing, anisotropic scattering, homogeneous
slab of thickness L, absorption coefficient o,, scattering coefficient o5 and extinction coefficient o; (=
G, * 05) can be described by the time-dependent Boltzmann equation in the from [1]

10 0 .
S M@ e i) o) = 2> a0 1w

0<z<L, 1<pu<1 and t>0 1)
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Herel(z, p, t) isthe particle intensity at position (z) and time (t) with scattering angle (6) of cosine ()
and velocity (v). The scattering phase function p(u, p") can be represented in terms of the Legendre
polynomials P,(u) by the expansion [2]

p(p, 1) = D A, Pa(k) Pa(w), )
n=0

where (a,) are the Legendre polynomial expansion coefficients with a = 1. The scattering phase
function p(u, w') can be taken for linear anisotropic scattering as

P, W) =1+ @ pp, (33)

where the linear anisotropic parameter a can be cdculated in terms of the Legendre expansion
coefficients (a,) through the relation [32]

_a: i (_1)m (2m)| (3b)

o 2°" mi(m+1)!

2m+1 "

The considered medium has two boundaries, the left at z = 0 and theright at z =L, respectively.
These boundaries have emissivities g and eg, diffuse reflectivity coefficients pﬁ and pg and
specular reflectivity coefficients p° and p3 whereg + p? + p° =1andi =L or R. The problem
has initial condition and boundary conditions

I(z, w, 0) = lin, (49)
10, 1) =eclo+2pd [du p1(0, -1, 0+ pS 10, 1), > 0, > 0, (4b)
(L1 ) = sr e+ 2pf fdu’ WIL, ', 0+ pg 1L, 18, 0,1 > 0, (40)

where the initial incidence (l;,) equal to the incidence on the left boundary of the medium (1.).

This problem can be represented in dimensionless form by taken the dimensionless time
variable t = owt, dimensionless space variable X = ¢,z and dimensionless particle intensity W(x, v, 1)
defined by

I(z,u,t)—1

\P(X,M,’C)z(( u ) L). (5)
(IR_IL)

The TNTE in its dimensionless form can be represented as

O 1)+ W)+ w0 9 = 2 [ pl, ) W0k, )

- LT - y W, T YW T)=—= ' y U, T),

pe u “ax u u 5 b KopQ, p H
0<x<x,-1<pu<1 and 1t =0, (6)
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where o = odo; is the single scattering albedo. The initial condition and boundary conditions in
dimensionless form are given by

¥(x, n, 0) =0, (79)
WO, 1) = s +2pf [’ WO, -, )+ pf WO, 1), T 2 0, 2 0, (7b)
Plx 1) = 2% AW WL LY + PR W0 )T > 0 0. (70)

The TNTE in its general form is very complicated and is hard to solve analytically and it is
time-consuming to solve numerically. Therefore, it is convenient to use approximate techniques to
reduce the problem to a mathematical tractable form. In this paper, we will use the PEA [17-20] to
simplify the described problem.

3. POMRANING-EDDINGTON APPROXIMATION

The PEA [17-20] is a two-flux model used to simplify the NTE to a mathematical tractable
form. This approximation expands the dimensionless angular intensity into two terms as

P(x, 1, 1) = E(X, 1) &X, 1, 1) + F(X, 1) O(X, 1, 1), ©)
where the dimensionless energy density E(x, t) is defined by

B, 1) = [,du Wk, ), (9a)
while the dimensionless net radiative flux is given by

Foo )= [0 i ¥ w9, (9b)

The two functions e(x, u, t) and O(x, p, t) are defined as an even and odd functions for the
cosine of scattering angle and they are slowly varying functions with space x and time t. The even
and odd functions are normalized by the relations

fldu X, 1) = 1= fld},t 1 O(X, 1, 7). (10)

Multiplication of EQ. (6) by Po(1) = 1 and integration over u € [-1, 1] lead to the partia differential
equation

EE(X, 1) + i F(x, 1) + o E(X, 1) =0, (119)
ot OX

wherea =1 - o.

Also, multiplication of Eq. (6) by Py(1) = , integration over u € [-1, 1] and using of the PEA givethe
following partial differential equation for linear anisotropic scattering
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QF(X, T)+ i [D E(x, )] + B F(x,t) =0, (11b)
ot OX

a
wherep =1 - § ® and D, which is a slowly varying function for space x and time t and is called the
diffusion parameter, is defined by
D= [,du we(x, 7). (12)

Substituting the PEA, Eqg. (8) into the initial and boundary conditions, Eqgs (7) multiplying,
respectively by 1 and p and integrating over u € [-1, 1] lead to

E(x,0) =0, (133)

e, (1+p1)1-0Oy)

e e A= p?) ~ 48207 + &, (L+ p7)O,] .

E(x,, 1) =0, (130)

F(x, 0) =0, (14a)

F(0, ) = Foo = oL Sl )(1; 4e,) —, (14b)
(2—0)0-p3) - 4e[2p7 +£, (@L+p?)Op]

F(x., 1) =0, (14c)

which are theinitial and boundary conditions of Eqs (11a) and (11b) for the energy density E(x, t) and
the net flux F(x, t). The functions O, and e, are given by

o= [du O(x, 7). (15a)

&= [du pefx, ). (15)

The even and odd functions e(x, p, t) and O(X, u, 1) in the PEA can be calculated for linear
anisotropic scattering in homogeneous medium as follows. Substituting with PEA, Eq. (8), into Eq. (6)
for linear anisotropic scattering, separation of even terms and odd terms of p and using of Egs (11a &
b) for O E(x, t)/ 0t and O F(x, t)/ 0t lead to

o (R, +5f102u2)
2R, f,(1-v%?)

E(X, K, T) = (163.)

® 0_2 (R, +afy)

O(x, u, 1) = ,
o 2R, R; (1-v°p?)

(16b)
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where

_ —0F/ ox
E(x,7)
_ —0E/ox
F(x,1)
fi=Ri+ o,
f =DR,+ — o,
2 2 3
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Fig 1. Relation between the albedo (») and the flux limiter (v) for isotropic scattering, homogeneous
medium for: (a) constant value of R;=0.5 and different values of R,, (b) constant value of

R,=0.5 and different values of R;.
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Fig 2. Relation between the abedo (w) and the diffusion parameter (D) for isotropic scattering in
homogeneous medium for: (a) constant value of R;=0.5 and different values of R,, (b)
constant value of R,=0.5 and different values of R;.

The parameters R; and R,, which are the ratios between the energy density E(x, t) and the net flux
F(x, ) and their space variations can be called flux-limited parameters.

The calculations of both e(x, p, t) and O(x, u, t) are carried out using the assumption that they
are slowly varying functions for both x and t or using the more reliable assumptions

Qe(x, M, T) + ui e(X, u, 1) =0, (193)
ot oX
QO(X, u, 1)+ pi Oo(x, u, t) =0, (19b)
ot OX

which lead to 0 D(x, 1)/ 0t = 0D(X, t)/Ox = 0, i. € the diffusion parameter D is a constant and does
not depend on both the space and time. The diffusion parameter D can be represented by substituting
Eq. (164) into the definition of Eq. (12) to give

R, a
p=—L .22 (20)
fve 3R,
Here the parameter v can be calculated using the following transcendental equation
1-exp(-2vY/
_1-ep(-2vY [w) 14

Tt exp(—2vY o)’
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where

v = (R, +am)

-1, by (21b)
(R, +af,)

This transcendental equation is given by substituting any of the forms of e(x, u, t) or O(x, u, t) of Egs

(16) into Eq. (10). The parameter v can be calculated for each group of values of the albedo w, the

linear anisotropic scattering parameter @ and the flux-limited parameters R; and R, humerically using
an iteration method.

The energy density E(x, t) and the net flux F(x, t) can be calculated by solving the partia
differential equations, Eqs (11), with the initial and boundary conditions of Egs (13) and (14). The
ADM [21-26] will be used in this paper to solve the partial differential equations, Egs. (11).

4. SOLUTION USING ADOMIAN DECOMPOSITION METHOD

The ADM had been represented by Adomian [21, 22] and modified by Wazwaz [23, 24] and
more recently by Luo [25, 26]. This method is useful for obtaining closed form or numerical
approximation for a wide class of stochastic and deterministic problems in science and engineering
[21-31].

The ADM will be used here to solve the couple of differentia equations (11a & b) with the
initial and boundary conditions given by Eqgs (13) and (14). These equations represent ill-posed
problem due to their inhomogeneous boundary conditions. Therefore, the solution of these equations
can be represented by [25, 26]

E(X, 1) = Eo(X, T) + Wo(X, 1), (22a)
F(x, 1) = Fo(X, 7) + Wa(X, 1), (22b)
where
X X X
Wo(x, 1) =(1- —) E(O,t) + — E(x,, 1) =(1- —) Eoo, (239)
X L X L X L
X X X
Wi(x,1)=(1- —)F(0O, 1)+ — F(x.,1)=(1- —) Foo. (23b)
X L X L X L

Here the functions Eq(X, t) and Fy(X, ) are described by the differential equations

gEo(X, T) + g Fo(X, 1) + a0 Eo(X, 1) = Ho(X, 1), (24a)
ot OX

0 0

—Fo(X, ) + D— Eo(X, t) + B Fo(X, 1) = Ha(X, 1), (24b)
ot OX

where
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0 1 X
Ho(X, 7) = '&Wl(xv ) - o Wo(X, 1) = X_ Foo-a (1- X_) Eoo, (254)
L L

0 D X
H]_(X, ‘E) =- D—Wo(x, ‘C) - B Wl(X, ’C) = — Eoo - B (1— —) Foo. (25b)
OX X, X,

The partial differential equations (24a) and (24b) can be rewritten in the operator form
L. Eo(x, 1) = Ho(X, 7) - ot Eo(X, 7) - L, Fo(x, 1), (26a)
L. Fo(x, 1) = Hi(x, 7) - B Fo(X, 7) - D L, Eo(x, 1), (26b)

where the differential time operator L . and the differential space operator L « are defined by

R o .
L‘r:_’ and LX:_’ (27)
ot OX
while the inverse time operator is defined by
[}=[dv. (28)

These last two partia differential equations have homogeneous boundary conditions for both Eq(X, 1)
and Fq(X, 1), while theinitial conditions of these equations are

Eo(x, 0) = - Wo(x, 0) = - (1— XL) Eo, (29%)
L

Fo(x, 0) = - Wi(x, 0) = - (1 Xi) Foo, (29b)
L

where Eqo and Foo are represented by Eqgs (13b) and (14b).

The solution of Egs (26a) and (26b) using the ADM is built by assuming Eq(x, t) and Fy(X, 1) as
series of the forms [21]

Eo(X, T) = ian (X,7), (30a)
n=0

Fo(x, ) = id)n (X,1), (30b)
n=0

Substituting by these series expansions into Eqs (26a) and (26b) and affecting with the inverse time
operator lead to
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S e, (X,7) =Bt 0)+ LMo, 1) - La e, (6,1) + L, 36, (%,1)},
n=0

n=0 n=0

3 0(%,7) =Fox, 0+ Lk 1) - LHB 30,(x,7) +D L, Ye, (x,7)),
n=0 n=0

n=0

The ADM gives the following recurrence relations to calcul ate the expansion terms as

go(X, 7) = Eo(x, 0) + L Ho(x, 1),
dolx, ) = Fo(x, 0) + LM Ha(x, 1),
ena(X, 7)== LM oven(x, 1) + L, dn(x, 1)}, h> 0,

drsa(%, 1) = - LB 0nx, 1) + D L en(x, 1}, n> 0.

Substituting Eqs (25a & b) and (29a & b) into Egs (32a & b) leads to

1 X
go(X, 7)) = — Foo1-(1— —) Exo (1 + a1),
X, X,

D X
(I)o(X, ’C)= — EooT'(l——)Foo(1+BT).
XL XL

(31q)

(31b)

(32a9)

(32b)

(3339)

(33b)

(34a)

(34b)

These zero-order terms are ill-defined functions and the final solutions using ADM will not satisfy the
boundary conditions of the problem. Therefore, these terms can be rewritten as Fourier expansions of

the forms

o0

&%, 1) = Y an(1) Sn(CnX),

m=0

do(X, T) = i bm(t) cos(Cp, X),
m=0
where
an(t) =(1+at) An- 1t Ch B,
brm(t) = (1 + B1) Bm,

2
Amz'_EO&
mm
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(369)

(36D)
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Bm= [(-1)™ - 1] Foo,

2
(mr)®

mmn
Cm: - .
XL

Substituting with Egs (35)-(38) into Egs (33a & b) leads to

go(X, T) = i {1+ art) Ayn- 1 Cy By} sSiN(Cpy X),

m=0

do(X, ) = . {(1+PB1) Bm} cOS(Cn X),

m=0
2 2

ax D= Y (ot —]Am+[r+(a+ﬁ)—]cm B} SIN(CiX),

m=0

2 2 ‘EZ

d1(x, 1) = Z {- (r+oc—) DCrAm - [Br+[3 —-DC,? —] B} coS(Cry X).

m=0

2 2 3
Ea(x, 1) = mZO (o +o ”— (% *a) DG Ay
2 3 3

: [(a+ﬁ>2—l + <a2+aﬁ+ﬁz)% : % DCr?] CoBir} SIN(CoX),

2 3
da(X, T) = Z {(a+B)(— +a—>DC Anm
m=0
2 2 3
+ [p? TZ B”— (L (a+2s)—) DCy?] Br} COS(Cr X).
3 4 3 4
£a(X, ) = Z ([ 5 “42—! +(2a+B)(% +at4—!) DC.7] A

3 4 3 4

[(oc2+ocB+BZ>T + (oP+opap +B)Z (— 2(oc+B)—)DC 2] CoB} SN(CoX),

3 4 3 4
b 1) = S {[(oPrapp )(— +aL)Dcm (l +aL)DZC Y Am

m=0
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(38)

(393)

(39b)

(409)

(40Db)

(41a)

(41b)

(42a)



313 ”4 2 2 20,8+3 v DC? v D°C.1 B
-[B§+ﬁz - ((at 13)—+(a+aB+ B) ) +Z *] B}
cos(C, X). (42b)

The other terms of the expansions are calculated using the recurrence relations of Egs (33) with the
Maple package. The sum to infinity of the calculated terms leadsto

Ew &SNn(C, Xx) {1+

Eux =2 2 3=
S Sa S G
ZEH);:; (J+r2k) ;,(kﬂ_:)! ) (k+ii!_l)! o'}, (43b)

Substituting these equations into Egs (22a & b) using Egs (23a & b) lead to the expansion forms of the
dimensionless energy density E(x, 1) and the dimensionless net flux F(x, t). The resultant relations
with Egs (16a & b) can be used to calculate dimensionless angular intensity W(x, u, t) using the PEA,
Eq (8).

5. DISCUSSION AND CONCLUSION

The time-dependent Boltzmann equation is used to describe the migration of neutrons through a
bulk medium. The neutron migration is considered as an anisotropic scattering and absorption in a
homogeneous medium. The medium is considered to have diffuse and specular reflecting boundaries.

The TNTE in its integro-differential form is hard to be solved analytically and it is time-
consuming to be solved numerically. It is convenient to simplify the Boltzmann integro-differential
eguation using some approximations. Here, the PEA is used to simplify the neutron migration problem
described by the Boltzmann equation. This approximation transforms the integro-differential
Boltzmann equation into two first order partial differential equations for the energy density and net
flux.

The ADM s used in this paper to solve the couple first order differential equations to find
energy density and the net flux of the neutrons. This method leads to semi-closed forms of both the
energy density and the net flux.

The solution of the transcendental equation, Eq (21), as a relation between the flux limiter
parameter (v) and the single scattering albedo (o) is represented in Fig 1. The relation between the
diffusion parameter (D) and the single scattering albedo (o) is represented in Fig 2. The two figures,
Fig. 1 and 2, show that the flux-limited parameter (R;) has affects to change the flux limiter parameter
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(v) and the diffusion parameter (D) while the flux-limited parameter (R;) has no effects on these two
parameters. This means that the flux-limited parameter (R,) can be taken as a unity. i. € F(x, 1) = -

O E(x, 1)/ Ox , which isFick’s law.

@ x)3

Fig 3. The neutron density in a homogeneous, pure absorbing medium in aslab of unit thickness with
transparent boundaries.

I = 047
x =

q L

—

Fig 4. The neutron net flux in a homogeneous, pure absorbing medium in a slab of unit thickness with
transparent boundaries.
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The neutron density E(X, t) isrepresented as a 3-dimensions graph in Fig 3, while Fig 4 has a 3-
dimensions representation of the neutron net flux. The calculations in the two figures 3 and 4 are
carried out for a homogeneous slab of thickness x, = 1. The slab has pure absorbing medium, wo = 0

with transparent boundaries, pid =py=0,i=LandR.
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