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Abstract  

    The transient neutron transport in a semi-infinite medium with pure-triplet 
scattering is presented. Case s eigenfunctions for this problem can be obtained 
for this high order anisotropic scattering and orthogonality relations of these 
eigenfunctions can be derived mathematically. The reflectivity at the boundary, 
radiant energy and net heat flux are computed for specular-reflecting boundary 
with angular-dependent externally-incident flux. For the sake of comparison, we 
use two different weight functions in our calculations.   

Keywords: Transient neutron transport, Semi-infinite medium, Pure-triplet 
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INTRODUCTION       

The time-dependent transport equation has important applications in many fields, such as 
in reactor physics and astrophysics [1], [2], [3]. Many papers have been published which 
solved the one-dimensional time-dependent transport equation in an infinite and semi-infinite 
slabs [4] - [9]. Several methods were proposed to solve the time-dependent transport equation 
in finite slabs such as the diamond difference implicit trapezoidal [10], the analytical constant 
nodal [11], the multiple-collision [12], the discrete ordinates and semi-analytical numerical 
[13], [14], methods. Also, El-Wakil et al. have been solved the time-dependent radiative 
transfer problem by using the Pomraning-Eddington approximation for both linear anisotropic 
scattering [15] and Rayleigh scattering [16]. Su [17] used the spherical harmonic PN 

approximation for Marshak wave problem [5] with an isotropic incident radiation flux to 
yield exact radiation energy density and material temperature at the boundary for all times 
when the Mark boundary conditions is used [19].       

In this work, the monoenergetic time-dependent neutron transport equation in a semi-
infinite medium is proposed. Here the scattering of neutrons from nucleus is definite as pure-
triplet. The medium is considered to have specular-reflecting boundary with angular-
dependent externally-incident flux. The problem is transformed into a stationary-like problem 
and then Case s eigenfunctions can be obtained. The solution gives the neutron distribution 
density function which is then used to calculate some interesting physical quantities such as 
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reflectivity, radiant energy and net heat flux. A weight function is introduced to force the 
assumed boundary conditions to be fulfilled. For the sake of comparison, two different forms 
of weight functions are used.  

ANALYSIS  

     Consider the monoenergetic time-dependent, one speed neutron transport equation with 
anisotropic scattering as [20], [21] 
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where  

 

N(x, , t)

 

is the neutron density distribution function with temporal variable t, geometrical 
space variable x, and the angular variable 

 

(the direction cosine of the transported 
neutrons). 

 

v is the speed of the neutrons under consideration. 

 

(x,t) is the total cross-section (which is the total probability of a neutron interaction),          
(x,t) = a (x,t) + s (x,t). 

 

a (x,t) is the absorption cross-section (which is the probability that a neutron at position x 
and time t will be absorbed). 

 

s (x,t) is the scattering cross-section (which is the probability that a neutron at position x 
and time t will have a collision and scatter). 

 

P( , ') is the anisotropic scattering phase function which can be expanded by terms of 
Legendre polynomials as [22] 
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with Pn( ) is the Legendre polynomial functions. 
    Here an can be called the anisotropy scattering coefficients with a0 = 1. The first term of 
this expansion is called isotropic scattering (a1 = a2 = a3 = 0). The probability of particle 
scattering is equal for all directions in isotropic scattering. The second term in this expansion 
corresponds to the linearly anisotropic scattering (a1 

 

0, a2 = a3 = 0). The third term 
corresponds to the quadratic scattering (Rayleigh scattering a1 = 0, a2 = 0.5, a3 = 0). The 
fourth term corresponds to the triplet scattering (a1 = a2 = 0, a3 

 

0). Here, the scattering of 
neutrons from nucleus is considered as pure-triplet. 
     It is convenient to write Eq.(1) in terms of the optical depth space variable 
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, , , ,t N x t                                                        (5.a) 

/s         and         u v                                                   (5.b)      
Equation (4) is assumed to subject to the specular-reflecting boundary and initial 

conditions 
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where ( ) is the angular-dependent externally-incident flux, and s is the specular 
reflectivity of this boundary. 
     For solving Eq.(4), we use the transformation [7] - [9], [15], [16] 

ut                                                                 (8) 
     In terms of  , Eq.(4) becomes 
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     For pure-triplet scattering, we get Eq.(9) as 
1
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     It well known that the transport equation of the type given by Eq.(10) admit separable 
exponential solutions of the form [2] 

, , expA                                             (11) 

where ( , ) is a normalized function and A is the normalization constant to be determined. 
     Using of Eq.(11) in Eq.(10) yields 
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     Integrating Eq.(12) over 

  

[-1, 1] gives 
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     Multiplying Eq.(12) by  and and integrate over 

 

 [-1, 1], one gets, respectively 
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     Dividing Eq.(12) by (b - ) and integrate over 

 

 [-1, 1] we get 
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where we have defined the nth order Legendre function of second kind, qn(y), as 
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     Eqs.(14)-(17) constitute four linear homogeneous algebraic equations for the four 
unknowns h0, h1, h2 and h3. The corresponding vanishing of the coefficient determinant gives 
the transcendental equation (characteristic equation) satisfied by , as 
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     Now for normalized ( , ) [i.e. h0( ) = 1], we have 
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     Therefore, from Eq.(12) we obtain 
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and hence we obtain the solution in the form 
2

3 3 3

5 5 2
, , 1 exp

2 6 2 3

utAe b b
t a P b

b
            (25)      

The constant A can be determined by introducing a weight function W( ) in order to force 
the boundary conditions Eq.(6) to be fulfilled, as 
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     The solution is, then given by 
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NUMERICAL RESULTS  

      Once, we have obtained the solution of the neutron transport problem in a semi-infinite 
medium with pure-triplet scattering, (31), we can calculate the reflectivity at the boundary, 
radiant energy and net heat flux of the transported neutrons, respectively, from 
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      The angular-dependent externally-incident flux ( ) is assumed to have the form 

, 0,1, 2,                                             (34) 

     Two different weight functions are suggested to do the calculations, namely [23], [24] 

1 ,W                                                                             (35.a) 
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The numerical results for reflectivity R, radiant energy E( ,t) and net flux F( ,t) are 
represented in graphical form. The plotted figures are done by using the two weight functions 
W1( ) and W2( ). However, the three dimensional graphs are plotted for W1( ). From the 
plotted figures, one can see a good agreement for the calculated results.   

FIGURES CAPTIONS  

1. Figs.(1) represent the reflectivity R versus the time t (s) for: 
   (a) isotropic scattering (a3 = 0),  = s = 0 and  = 0.9, 
   (b) pure-triplet scattering (a3 = 0.5), 

 

= 1, s = 0.5 &  = 0.7. 
2. Figs.(2) give three dimensional graphs for the reflectivity R for pure-triplet scattering      
(a3 = 0.5) versus: 
   (a) {   and s } for  = 0.6 and at time = 0.1 s, 
   (b) {t and s } for  = 0.8 and 

 

= 1. 
3. Figs.(3) show the radiant energy E( , t) of the neutrons versus: 
   (a) time t (s) for isotropic scattering a3 = 0 and  = s = 0,  =0.9 &  = 1 mfp, 
   (b) optical distance  (mfp) inside the medium for isotropic scattering a3 = 0 and  = s = 
0.25, t = 0.1 s &  = 0.9, 
   (c) optical distance 

 

(mfp) inside the medium for pure-triplet scattering a3 = 0.5 and 

 

= 1, 
s = 0.5, t = 3 s &  = 0.7. 

4. Figs.(4) represent the net flux F( , t) of the neutrons for the same terms and values of 
Figs.(3). 
5. Figs.(5) give three dimensional graphs for the radiant energy E( , t) versus {  and t}: 
   (a) for pure-triplet scattering a3 = 0.5 and  = s = 0 &  = 0.8, 
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   (b) for isotropic scattering a3 = 0 and  =1, s = 0.25 &  = 0.9. 
6. Figs.(6) give three dimensional graphs for the net flux F( , t) versus {

 
and t} for the same 

terms and values of Figs.(5).        

(a)

 

a3 = 0, 

 

= s = 0 &  = 0.9 

 

(b) a3 = 0.5, 

 

= s = 0.5 &  = 0.7 

 

Figs.(1): The reflectivity R versus time t for isotropic  
and pure-triplet scattering        
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(a)

 
a3 = 0, 

 
= s = 0 &  = 0.9 

 

(b) a3 = 0.5, 

 

= s = 0.5 &  = 0.7 

 

Figs.(2): The reflectivity R for pure-triplet scattering             
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(a) a3 = 0,  = s = 0,  = 1  =0.9  

 

(b) a3 = 0,  = 0, s = 0.25, t = 0.1  =0.9 

 

(c) a3 = 0.5,  = 1, s = 0.5, t = 3  = 0.7 

 

Figs.(3): The neutron radiant energy  E( ,t)  for isotropic  
and pure-triplet scattering   
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(a) a3 = 0,  = s = 0,  = 1  =0.9  

 

(b) a3 = 0,  = 0, s = 0.25, t = 0.1  =0.9 

 

(c) a3 = 0.5,  = 1, s = 0.5, t = 3  = 0.7 

 

Figs.(4): The neutron net flux  F( ,t)  for isotropic  
and pure-triplet scattering   
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(a) a3 = 0.5,  = s = 0  =0.8  

 

(b) a3 = 0,  = 1, s = 0.25  =0.9 

 

Figs.(5): The neutron radiant energy  E( ,t)  for isotropic  
and pure-triplet scattering        
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(a) a3 = 0.5,  = s = 0  =0.8  

 

(b) a3 = 0,  = 1, s = 0.25  =0.9 

 

Figs.(6): The neutron net flux  F( ,t)  for isotropic  
and pure-triplet scattering    

CONCLUSION  

     The reflectivity, radiant neutron energy and net neutron flux are calculated for time-
dependent neutron transport problem in a semi-infinite medium with pure-triplet scattering. 
The transient equation is transformed into a stationary-like problem and then Case s 
eigenfunction is obtained for this high order of scattering. The neutron-nucleus scattering 
provides the pure-triplet scattering. The idea to present a pure-triplet neutron scattering 
instead of a linear anisotropic scattering is legitimate and motivated in the present work. Two 
different forms of the weight function are used to force the boundary conditions to be 
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fulfilled. The numerical data give an acceptable results with good agreement between the two 
weight functions.  

REFERENCES  

[1] Chandrasekhar S., Radiative Transfer, Dover Publ., New York (1960). 
[2] Case K.M., Zweifel P.F., Linear Transport Theory. Addison-Wesley Publ. Co., Reading, 
MA (1967). 
[3] Pomraning G.C., The Equations of Radiation Hydrodynamics, Pergamon Press, Oxford 
(1973). 
[4] Ganapol B.D., Spiga G., Birkhauser Varlag Basel (ZAMP) 34, 101 (1983). 
[5] Ganapol B.D., Nuclear Science and Engineering 92, 272 (1986). 
[6] Fillipone W.L., Ganapol B.D., Nuclear Science and Engineering 83, 366 (1983). 
[7] El-Wakil S.A., Degheidy A.R., Sallah M., Annals of Nuclear Energy 30, 1283 (2003). 
[8] El-Wakil S.A., Degheidy A.R., Sallah M., J. of Quant. Spectro. & Radiative Transfer 85, 
13 (2004). 
[9] El-Wakil S.A., Degheidy A.R., Sallah M., J. of Quant. Spectro. & Radiative Transfer 90, 
259 (2005). 
[10] Barros R.C., Yavuz M., De Abreu M.P., Filho H.A., Mello J.A.M., Progress in Nuclear 
Energy 33, 117 (1998). 
[11] Barros R.C., American Nuclear Society Transactions 66, 266 (1992). 
[12] Windholfer P.F., Pucker N., Nuclear Science and Engineering 91, 223 (1985). 
[13] De Oliveira J.V.P., Cardona A.V., De Vilhena M.T.B., Annals of Nuclear Energy 29, 13 
(2002). 
[14] De Oliveira J.V.P., Cardona A.V., De Vilhena M.T.B., Barros R.C., J. of Quant. Spectro. 
& Radiative Transfer 73, 55 (2002). 
[15] El-Wakil S.A., Degheidy A.R., Sallah M., Annals of Nuclear Energy 32, 343 (2005). 
[16] El-Wakil S.A., Degheidy A.R., Sallah M., J. of Quant. Spectro. & Radiative Transfer 
102, 152 (2006). 
[17] Su B., J. of Quant. Spectro. & Radiative Transfer 64, 409 (2000). 
[18] Ganapol B.D., The non-equilibrium Marshak wave problem: a radiative transfer 
benchmark. Unpublished Technical Report, Los Alamos National Laboratory, Los Alamos, 
New Mexico (1986). 
[19] Mark J.C., The spherical harmonic method. Technical Report, CRT-340, Atomic Energy 
of Canada, Ltd., Ontario (1947). 
[20] Bell G., Glasstone S., Nuclear Reactor Theory, Van Nostrand Reinhold Company, New 
York (1970). 
[21] Sharp W.D., Allen E.J., Annals of Nuclear Energy 27, 99 (2000). 
[22] Mengüç M.P., Viscanta R., J. of Quant. Spectro. & Radiative Transfer 29, 381 (1983). 
[23] El-Wakil S.A., Aboulwafa E.M., Degheidy A.R., Radwan N.K., Waves Random Media 
4, 127 (1994). 
[24] Degheidy A.R., Attia M.T., Sallah M., J. of Quant. Spectro. & Radiative Transfer 74, 
285 (2002). 



This document was created with Win2PDF available at http://www.win2pdf.com.
The unregistered version of Win2PDF is for evaluation or non-commercial use only.

http://www.win2pdf.com

