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Abstract

The transient neutron transport in a semi-infinite medium with pure-triplet
scattering is presented. Case’s eigenfunctions for this problem can be obtained
for this high order anisotropic scattering and orthogonality relations of these
eigenfunctions can be derived mathematically. The reflectivity at the boundary,
radiant energy and net heat flux are computed for specular-reflecting boundary
with angul ar-dependent externally-incident flux. For the sake of comparison, we
use two different weight functions in our calculations.
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INTRODUCTION

The time-dependent transport equation has important applications in many fields, such as
in reactor physics and astrophysics [1], [2], [3]. Many papers have been published which
solved the one-dimensional time-dependent transport equation in an infinite and semi-infinite
dabs[4] - [9]. Several methods were proposed to solve the time-dependent transport equation
in finite slabs such as the diamond difference implicit trapezoidal [10], the analytical constant
nodal [11], the multiple-collision [12], the discrete ordinates and semi-analytical numerical
[13], [14], methods. Also, El-Wakil et al. have been solved the time-dependent radiative
transfer problem by using the Pomraning-Eddington approximation for both linear anisotropic
scattering [15] and Rayleigh scattering [16]. Su [17] used the spherical harmonic Py
approximation for Marshak wave problem [5] with an isotropic incident radiation flux to
yield exact radiation energy density and material temperature at the boundary for all times
when the Mark boundary conditionsis used [19].

In this work, the monoenergetic time-dependent neutron transport equation in a semi-
infinite medium is proposed. Here the scattering of neutrons from nucleus is definite as pure-
triplet. The medium is considered to have specular-reflecting boundary with angular-
dependent externally-incident flux. The problem is transformed into a stationary-like problem
and then Case’s eigenfunctions can be obtained. The solution gives the neutron distribution
density function which is then used to calculate some interesting physical quantities such as
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reflectivity, radiant energy and net heat flux. A weight function is introduced to force the
assumed boundary conditions to be fulfilled. For the sake of comparison, two different forms
of weight functions are used.

ANALYSIS

Consider the monoenergetic time-dependent, one speed neutron transport equation with

anisotropic scattering as [20], [21]

10 0 o (x1t) ¢ , , ,
{Vat+,uax+0'(x,t)}N(x,,u,t) 5 LP(,u,,u)N(X,,u,t)d,u Q)
0<Xx<ow, -1<u<l

where

e N(X, u, t) is the neutron density distribution function with temporal variable t, geometrical
gpace variable x, and the angular variable  (the direction cosine of the transported
neutrons).

e v isthe speed of the neutrons under consideration.

¢ o(xt) isthetotal cross-section (which isthe total probability of a neutron interaction),
o(X,t) = ga (X,t) + o5 (X,1).

e 0, (X1) is the absorption cross-section (which is the probability that a neutron at position x
and time t will be absorbed).

e 0s (X1) is the scattering cross-section (which is the probability that a neutron at position x
and timet will have a collision and scatter).

e P(u, 1) is the anisotropic scattering phase function which can be expanded by terms of
L egendre polynomials as [22]

P(u.u')=§%ﬂ(u)ﬂ(u')

=l+auu'+a,R(u)P (1) +aP (1) Ry(u) +-- 2
with Pn(g) isthe Legendre polynomial functions.

Here a, can be called the anisotropy scattering coefficients with ap = 1. The first term of
this expansion is called isotropic scattering (a; = a; = ag = 0). The probability of particle
scattering is equal for all directions in isotropic scattering. The second term in this expansion
corresponds to the linearly anisotropic scattering (ayx # 0, a; = ag = 0). The third term
corresponds to the quadratic scattering (Rayleigh scattering a; = 0, a, = 0.5, azg = 0). The
fourth term corresponds to the triplet scattering (a; = a, = 0, ag # 0). Here, the scattering of
neutrons from nucleus is considered as pure-tripl et.

It is convenient to write Eq.(1) in terms of the optical depth space variable

7(X) = XIa(x)dx 3
to become O
{Ei+yi+l}l’(r y7, t)=£v[1 P(,u ,u')‘I’(r wht)du!' 4)
uot * or 2k o
where
W (7, 1,t) = N(x 1) (5.9)
w=0,c and u=Vvo (5.b)

Equation (4) is assumed to subject to the specular-reflecting boundary and initial
conditions
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W(0,ut)=T(u)+p°¥(0,—,t), a t=0, (6)
lim¥(7,—u,t)=0 (7)

where 7{u) is the angular-dependent externally-incident flux, and p° is the specular
reflectivity of this boundary.
For solving Eq.(4), we use the transformation [7] - [9], [15], [16]
E=r+uUt 8
Interms of &, Eq.(4) becomes

0 ! . Nt
{(1+/1)£+1}P(§,ﬂ)=%LP(/A#)‘P(f'ﬂ)dﬂ 9)
For pure-triplet scattering, we get Eq.(9) as
(@) o) = 1 BRI Er)d 0

It well known that the transport equation of the type given by Eq.(10) admit separable
exponential solutions of the form [2]
Y (&, 1) = Ap(u,v)exp(—14) (12)

where ¢(u,v) isanormalized function and A is the normalization constant to be determined.
Using of Eq.(11) in Eq.(10) yields

(b=vz0) g (10,v) =7 [ (v) + 2Py () (v)] (12)
with
h(v)=[ R(u)¢(uv)du ad  b=1-v (13)
Integrating EQ.(12) over p € [-1, 1] gives
(b-w)hy(v)-vh(v)=0 (14)
Multiplying Eq.(12) by p and p* and integrate over p € [-1, 1], one gets, respectively
b (v) - 5[y (v)+ 20, (v)] =0 (15)
2 (v)+ 20 (v) =S [30 (v) + 20 (v)] = 21y (v) (16)
Dividing EQ.(12) by (b - vu) and integrate over p € [-1, 1] we get
1242 n )220 2] -0 w
14 | 4 | 4 | 4
where we have defined the n' order Legendre function of second kind, gu(y), as
_1pRlay 18
d,(Y) 2Ly_y 7 (18)
with
by 1, (b+v
q"(;j:?n[b—vj (19.9)
b b ) ) b+v) 5b° 2
q{;J:Af—V?,(Sb ~3v )|n(b_vj—2—vz+5 (19.b)
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Eqgs.(14)-(17) constitute four linear homogeneous algebraic equations for the four
unknowns hg, h;, hy and hz. The corresponding vanishing of the coefficient determinant gives

the transcendental equation (characteristic equation) satisfied by v, as

b-w -V 0 0

_Y b 2V 0

3 3

b-o 3w 20 2v |=0

3 5 3 5

w —a,ow
l__QO 0 0 q3

14 14

Now for normalized ¢y, v) [i.e. ho(v) = 1], we have

h(v)==(b-0)
h()=31-2(0-0)|

and
n) - 50 2 |00

Therefore, from Eq.(12) we obtain

e o[ o (2]

and hence we obtain the solution in the form

—vut

o Ae

w(r, ,u,t):M{l+a3I33(y){g—‘tj—(b—a))[g—sz+%H}exp(—vz')

(20)

(21)

(22)

(23)

(24)

(25)

The constant A can be determined by introducing a weight function W(x) in order to force

the boundary conditions Eq.(6) to be fulfilled, as

ljolyw(y)[ql(o,y,t)—r(y)—pS\P(o,—y,t)] =0

this can give
{3
o)l —p°l

where

1 1

I0:IW(y)F(y)dy and Iisz(,u)J(i,u)d,u

0 0

with

The solution is, then given by

#(e. 1) =3 () ep(ve)
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NUMERICAL RESULTS

Once, we have obtained the solution of the neutron transport problem in a semi-infinite
medium with pure-triplet scattering, (31), we can calculate the reflectivity at the boundary,
radiant energy and net heat flux of the transported neutrons, respectively, from

1

R= [1¥(0,-u.t)du, (31)
° 1
E(T,t)I I‘P(T,,u,t)d,u, (32
-1
1
F(r,t): I,u‘P(r,,u,t)dy (33)
-1
The angular-dependent externally-incident flux /{¢) is assumed to have the form
L(u)=4', (=012 (34)
Two different weight functions are suggested to do the calculations, namely [23], [24]
W, (2) = (35.a)
3 3
W, (,u) :7u(l+5,u) (35.8)

The numerica results for reflectivity R, radiant energy E(z,t) and net flux F(zt) are
represented in graphical form. The plotted figures are done by using the two weight functions
Wi(r) and Wa(r). However, the three dimensional graphs are plotted for Wi («). From the
plotted figures, one can see a good agreement for the calculated results.

FIGURES CAPTIONS

1. Figs.(1) represent the reflectivity R versusthetimet (s) for:

() isotropic scattering (as = 0), /= p°=0and = 0.9,

(b) pure-triplet scattering (a3 = 0.5), /= 1, p°=05& © =0.7.
2. Figs.(2) give three dimensional graphs for the reflectivity R for pure-triplet scattering
(ag = 0.5) versus:

(@{7andp’} foro=0.6andat time=0.1s,

(b) {tand p°} for ® =0.8and = 1.
3. Figs.(3) show the radiant energy E(z, t) of the neutrons versus:

(a) timet (s) for isotropic scattering az = 0 and /= p°=0, ® =0.9 & © =1 mfp,

(b) optical distance t (mfp) inside the medium for isotropic scatteringas = 0 and #= 0, p°=
0.25,t=0.1s& ®=0.9,

(c) optical distance t (mfp) inside the medium for pure-triplet scattering az = 0.5and /= 1,
0 =051t=3s& ©=0.7.
4. Figs.(4) represent the net flux F(z, t) of the neutrons for the same terms and values of
Figs.(3).
5. Figs.(5) give three dimensional graphs for the radiant energy E(z, t) versus{t and t}:

(a) for pure-triplet scatteringas = 0.5and /= p°=0& o = 0.8,
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(b) for isotropic scattering az = O and /=1, p°=0.25& » = 0.9.
6. Figs.(6) give three dimensional graphs for the net flux F(z, t) versus{t and t} for the same
terms and values of Figs.(5).

0 5 10 15 20 25
t

(b) as= 05, /= 7, 0°= 05& w= 0.7
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Figs.(1): Thereflectivity R versustimet for isotropic
and pure-triplet scattering
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Figs.(2): Thereflectivity R for pure-triplet scattering
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Figs.(3): The neutron radiant energy E(zt) for isotropic
and pure-triplet scattering
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Figs.(4): The neutron net flux F(zt) for isotropic
and pure-triplet scattering
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Figs.(5): The neutron radiant energy E(z,t) for isotropic

and pure-triplet scattering
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Figs.(6): The neutron net flux F(zt) for isotropic

and pure-triplet scattering

CONCLUSION

The reflectivity, radiant neutron energy and net neutron flux are calculated for time-
dependent neutron transport problem in a semi-infinite medium with pure-triplet scattering.

The transient equation

is transformed into a stationary-like problem and then Case’s

eigenfunction is obtained for this high order of scattering. The neutron-nucleus scattering
provides the pure-triplet scattering. The idea to present a pure-triplet neutron scattering

instead of alinear anisotropic scattering is legitimate and motivated in the present work. Two
different forms of the weight function are used to force the boundary conditions to be

-277-



fulfilled. The numerical data give an acceptable results with good agreement between the two
weight functions.
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