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Abstract

Quaternion analysis of time dependent Maxwell’s equations in presence
of electric and magnetic charges has been developed in unique, simple and
consistent manner. It has been shown that this theory is extended consis-
tently to time-harmonic Maxwell’s equation for dyons. Reformulation of
the generalized electromagnetic fields of dyons in inhomogeneous media
and corresponding quaternionic equations are derived in compact, simple
and unique manner. We have also discussed the monochromatic fields of
generalized electromagnetic fields of dyons in slowly changing media in a
consistent manner.

1 Introduction

Physicists were fascinated about magnetic monopoles since its ingenious idea
was put forward by Dirac [1] and also by Saha [2]. So many attempts [3, 4]
were made for the experimental verification of conclusive existence of magnetic
monopoles and after the failure of attempts, the literature |5, 6, 7| turned par-
tially negative casting doubts on the existence of such particles. The work of
the Schwinger [8]was the first exception to the argument against the existence of
monopoles. At the same time so many paradoxes were related to the theory of



pure Abelian monopoles, as Dirac’s veto [1, 2], wrong spin-statistics connection
[9] and many others [10, 11]. Several problems were soon resolved by the inven-
tion of dyons [12, 13, 14, 15] particles carrying simultaneous existence of electric
and magnetic charges. Fresh interest in this subject was enhanced by the idea
given by t’ Hooft [16] and Polyakov [2| showing that monopoles are the intrinsic
parts of grand unified theories. The Dirac monopoles is an elementary particle
but the t” Hooft - Polyakov monopoles [16, 2] is complicated extended object
having a definite mass and finite size inside of which massive fields play a role
in providing a smooth structure and outside it they vanish rapidly leaving the
field configuration identical to abelian Dirac monopole. Julia and Zee [18] have
extended the idea of t” Hooft [16] and Polyakov [2]| to construct the classical so-
lutions for non - Abelian dyons. Kravchenko and co-authors [19, 20], discussed
the Maxwell’s equations in homogeneous media and accordingly developed [21]
the quaternionic reformulation of the time-dependent Maxwell’s equations along
with the classical solution of a moving source i.e. electron. Kravchenko et al
have also demonstrated [22] the electromagnetic fields in chiral media and their
quaternionic form in a simple and consistent manner. Recently, the work of
Kravchenko [19, 20] is extended and GDM equations in homogeneous (isotropic)
medium are discussed [23] while their quaternionic forms in a unique and con-
sistent way are developed [24]. Keeping in view all these facts in mind, in this
paper we have undertaken the study of quaternion analyticity of time harmonic
Maxwell’s equations of generalized electromagnetic fields in presence of electric
and magnetic sources (i. e. dyons). We have also derived the generalized theory
of Maxwell’s - Dirac equation in presence of electric and magnetic charges in
homogeneous media. It has been shown that the quantum equations and equa-
tion of motion represent the dynamics of electric charge similar to the theory
described by Kravchenko [19, 20] in the absence of magnetic monopoles or vice-
versa . Finally, we have reformulated the generalized electromagnetic fields of
dyons in inhomogeneous media along with its quaternionic reformulations and
corresponding quantum equations are derived consistently. At last, we have dis-
cussed the monochromatic fields of generalized electromagnetic fields of dyons
in slowly changing media in consistent way .

2 Dyonic field equation in homogenous (isotropic)
medium
Assuming the existence of magnetic monopoles and taking the case of homoge-

nous (isotropic) medium we have already derived the generalized Maxwell’s-
Dirac field equations in the following form [25];
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where p. and p,, are respectively the electric and magnetic charge densities
while ﬁ and ]_m) are the corresponding current densities, E is electric field, B
is magnetic field and € and p are defined respectively as relative permitivity and
permeability in electric and magnetic fields. Differential equations (1) are the
generalised field equations of dyons in homogenous (isotropic) medium and the
electric and magnetic fields are corresponding called generalized electromagnetic
fields of dyons. These electric and magnetic fields of dyons are expresed in
following differential form in homogenous (isotropic) medium in terms of two
four - potentials as,
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where {C'} = {%ﬁ} and {DH} = {vcﬁm,ﬁ} are the two four-potentials
associ_a)ted with electric and magnetic charges. Let us define the complex vector
field ¢ in the following form [25]

¥ = E-—ivB. (4)

Equations (2,3) and (4) leads the following relation between generalized field
and the components of generalized four-potential as,

7= - ST < T )

where {V,,} is the generalized four - potential of dyons in homogenous (isotropic)
medium and defined as

Vi = {6,V} (6)
i.e.
¢ = ¢e_iv¢m (7>

and



Maxwell’s field equation (1) in isotropic medium may then be written in terms
of generalized field E) as

vy = £ (9)
LA (10)
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where p and 7 the generalized charge and current source densities of dyons in
homogenous medium given by [25]

po= pe—ilt (11)
T o= e —ijm. (12)

In terms of complex potential the equation is written as

O¢ = wvpup (13)
OV = uj (14)

We write the following tensorial form of generalized Maxwell’s -Dirac equations
of dyons in homogenous (isotropic) medium as

Fuvw = Ju (15)
d _ .
F/,Ll/,l/ - j;,n (16)
Defining generalized field tensor of dyon as
Gu = Fu —ivF}, (17)

One can directly obtain the following generalized field equation of dyon in ho-
mogenous (isotropic) medium i.e.

G;u/,v = jp. (18)
d
Guu,v = 0. (19)

3 Quaternion Analyticity of time harmonic dy-
onic field equation

Using the Fourier transform any electromagnetic field can be represented as
an infinite superposition of time-harmonic (monochromatic) fields. These fields



are normally the main object of study in radio electronics, wave propagation
theory and many other branches of physics and engineering. A time harmonic
electromagnetic field has the following form [19]

E(z,t) = Re(E(z)e ™) (20)

and

B(z,t) = Re(B(z)e ™) (21)

where the electric field E and magnetic field B depend on the spatial variables
x = (21,72, 73) and all dependance on time is contained in the factor e~ E
and B are complex vectors called the complex amplitudes of electromagnetic
field and w is the frequency of oscillations.

Substituting the values of E and T into the generalized dyonic equation (1)
in isotropic medium, we obtain

VE =

VE = ppm

VxE = —iwB-2=

VxB = fiﬁﬁ+uﬁ. (22)

Let us denote a = w,/ep = %, where the square root is chosen that I'ma > 0,
The quantity « is called the wave number. Let us write the D, E and B in the
quaternionic form as,

D = 8161 + 8262 + 8363 (23)
E = E1€1 + E2€2 + E363 (24)
B = 3161 + Bgeg + B3€3 (25)

where e, esand e are the quaternions and satisfy the following multiplication
rule,

et = 1
ejer = —O0jk + €jki€l (26)
where §;, and €5 (j, k, 1= 1,2,3 and eg = 1) are respectively the Kronecker delta

and three-index Levi-Civita symbol. Taking the quaternionic form of equation
(21) as,



DE = (O1e1 + Oseg + O3e3)(Ere1 + Eoes + Eses)
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Let us introduce the following pair of purely vectorial biquaternionic functions

i.e.

7 = %maﬁ (29)

and

o= %‘;’F +aB. (30)

Taking the divergance of third and fourth equation (22), we get the following
pair of continuity equation for electric and magnetic charge is,

V.Jje —iwpe = 0 (31)

and

Y Jm — iwpepm = 0. (32)

Applying the quaternionic operator D to [ and using equations (27,28) and
(31,32), we find

—
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DI = [67*] +apF *+al (33)
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where 7* is the complex conjugate of dyonic current density in homogenous
(isotropic) medium given by equation (12). Thus [ satisfies the equation which
is derived by equation (33) as,

(D-a)T = pV. T4 +au7 . (34)

Analogous to equation (34), 7 satisfies the equation (34) as,



(D+a)ym = —p[V.7]1+an7. (35)

Thus, the prodecure of diagonalization can be written in the matrix form

(25)(3) - (% 2w (3) @

where
Bo- (0 (37)
and

B = (‘f T’) (38)

Here we obtain two decoupled equations for the unknown vectors T and ,
which simplifies the analysis of the generalized Dirac - Maxwell’s (GDM) equa-
tion of dyons in homogenous (isotropic) medium.

4 Dyons in inhomogeneous medium

In order to discuss the GDM equation in inhomogeneous medium, let us assume
¢ and p are the function of coordinates [26] such as

e = ¢g(x)

and

po= p@). (39)

The Maxwell’s equations are thus considered together with the relation given

by (39) may then be written accordingly in inhomogeneous media describing

%lations among the induction and the field vectors. Let us now define D and
as,

D D(E,H)

B = B(E,H) (40)



and

ﬁ = EOETE

B = popH. (41)

Using the relation (40), we may write the generalized Dirac - Maxwell (GDM)
equations (1) for the inhomogenous medium for dyons as

V.E )= p
V(B )= upm
VxB =% ifﬂtﬁ (42)

The first and second differential equations of GDM equations (42) can be written
as follows [19] ,

VE+ < V) E>= % (43)
and
VB+ <4 Bompp, ()

Combining equations (43) and (44) with the third and fourth equation of (42),
we obtain the following form of generalized Dirac - Maxwell (GDM) equations
ie.

V.E = <%, E?>—8a?—j;”—’: (45)
and
V.B = <%, B> ;if—uz—upm. (46)

Let us take the scalar products of two vectors P and ¢ as,



<P, 7> = ——(PM+MP)7. (47)

Using this equation (47), we get the following pair of equations from equations
(45) and (46) as

(D ;ve)ﬁ = ;M@E‘f@’;@ (48)
and
V. R
(D ;7}6? = —1Mu?—;(’§—me—upm. (49)

where we have used the following subsidiary condition

1Ve Ve
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As such, on using the condition given by Kravehenko [19], we may write equa-
tions (48) and (49) as follows,

(50)

§ -—
\/%D(\/E.E*)JFE‘.? _ _%_%_% (51)
;EDW-E?H?W = —;‘ff—ﬁf—upm (52)
where
T = Ve
N
and
7 = VB
T

Rearranging equations (51) and (52), we get the following new set of equations
ie.



(D+ME)E = ‘E‘?_? (53)
<D+M7ﬂ?=:—;if—ﬁi—ww (54)

In order to write the quaternionic equation for electromagnetic fields in in-
homogeneous medium, let us start with the following representations for the
quaternionic differential operator [23],

9 = (Ca+D) (55)

and its conjugate as

]

(Lo, + D) (56)

where v =/ i is the speed of the electromagnetic wave in the medium. We de-

fine the complex vector field E) associated with the generalized electromagnetic
fields of dyons as ,

¥ = E-iB. (57)
The quantum equation associated with the generalized four-current is described
in the following form i. e.
J = —ipv+jier + jaez + jzes (58)
Operating equation (56) to equation (57) and using equations (53) and (26), we
get
_ — —
Oy = (MEE+iwMHFB)+iou(—ivp+ 7)) (59)
where 7 is the generalized current density of dyon and is given by equation

(12) and pis the conjugate of the generalized charge density of dyon and defined
by equation (11). From equation (57), we get the following relations,

B o= Sw+e) (60)
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and

1
B = —(hx— 61
(% —) (61)
where 1% is the complex conjugate of . Taking the first part of the right hand
side of equation (59), we get

MEE+iwMFPE = ;M@‘m¢+Mﬁnﬁw& (62)

We may now introduce the notation

?—Fﬁ = —T (63)
and
YW
ToT o= o (64)

where W is the intrinsic wave impedance of the medium. The T and W are
also expressed as

and

Then equation (62) reduces to

MET +ioM B = —(MTyp+ MW ). (67)

Then from equation (59), we obtain the generalized Dirac - Maxwell (GDM)
equation of dyons for an inhomogenous medium as under,

Chp + (Mﬁw + Mww*) = dvu(—ivp+ j) = ivuj. (68)

Equation (68) is completely analogous to the generalized Dirac - Maxwell (GDM)
equation of dyons given by equation (42) and represents the quaternionoc form
of Maxwell’s equation for dyons in inhomogenous medium.
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The time harmonic electromagnetic field has already defined by the equation
(20) and (21) assuming that the sources are also time harmonic, i.e. [19],
p(z,t) = Re(p(x)e™™") (69)

and

T(@t) = Re(F(x)e ™). (70)

As such, when electromagnetic field is considered to be monochromatic, we may
obtain the following sets of quaternionic equations for generalized fields of dyons
on substituting equations (20,21,69,70) into the equations (53) and (54) i.e.

-—
D?E — B -l Im (71)
g e
and
DB =- %ﬁ — [P + 11T (72)

In equation (71) and (72) the quantity o = # is denoted as the wave number.

Hence in the absence of source equations (71) and (72) are reduces to

D—E = iawwB (73)

5

and

Xe]
DB =- 7@. (74)
The medium is said to be slowly changing when its properties change appreciably
over distances much greater than the wavelength [27]. It is described as the

possibilty of reducing the generalized Dirac - Maxwell (GDM) equations of dyons
(73) and (74) to the following Helmholtz equations,

(A+a®)E = 0 (75)

and

(A+a®)B = 0 (76)

where

12



A+a? = —(D+a)(D—a)=—-DyD_,. (77)
For checking the reduction , we consider that | €| and || are very small and

the terms containing the vectors © and Tare supposed to be negligible. Then
equations (73) and (74) takes the forms,

DE = iawB (78)

and

DB =- %ﬁ (79)

Equations (78) and (79) can be diagonalized for the functions Pand ¥*. As
such, we obtain the quaternionic field equations in the following compact and
consistent manner i.e.

Doy = 0 (80)
and
Daﬁ* = 0. (81)

5 Conclusion

In section - 3, we have used the Fourier transformation where any electro-
magnetic field is represented as an infinite superposition of time harmonic
(monochromatic) fields. These fields are normally the main objects of study in
radio electronics, wave propagation theory and many other branches of physics
and engineering. Thus equations (20) and (21) describe the time harmonic elec-
tromagnetic field. As such, we have obtained the realization of the generalized
Dirac - Maxwell’s equation for the time varying fields and accordingly we get the
physical laws given by equation (22). Equations (27) and (28) are the quater-
nionic differential equations analogous to time harmonic GDM equations given
by (22). We have introduced new parameters for electric and magnetic field
of dyons in the quaternionic form given by equation (29) and (30). Continuity
equation for electric and magnetic charge in (isotropic) homogeneous medium
is thus denoted by equations (31) and (32). As such, we have obtained the
two decoupled equations (34) and (35) for the unknown vectors and (instead
of electric and magnetic fields) which simplifies the analysis of the generalized
Dirac - Maxwell’s equation of dyons in homogeneous (isotropic) medium which

13



can be diagonalized by (36) in the matrix form with the help of elementary
transformations.

In section - 4, we have described the generalized electromagnetic fields of
dyons in inhomogeneous media. In inhomogeneous media and is local depend-
ing on space and time coordinates as given by equation (39). Equations (40)
are thus described as the generalized Maxwell’s equation for dyons in isotropic
inhomogeneous medium. The difference between the homogeneous and inhomo-
geneous media is that in former case the electric and magnetic parameter re-
spectively (permittivity) and (permeability) are space - time independent while
in the later case these are space-time dependent. As such, the differential form
of Maxwell’s equation in inhomogeneous medium is discussed by equations (43
- 46) while those in quaternionic form are described by the pair of equations
(48) and (49). The new set of Maxwell’s equation of dyon in inhomogeneous
medium are discussed by equation (53) and (54). On the other hand, the quater-
nionic form of field equation of dyons in inhomogeneous media is described by
equation (59). The electric and magnetic field are decomposed in terms of the
complex vector field given by equation (60) and (61). As such, we may obtain
equation (68q) as a generalization of the well known complex analysis Vekua
equation describing generalized analytic functions [27]. This equation is also
equivalent to the generalized Dirac - Maxwell equation of dyons given earlier by
equation (1) and is analogous to the quaternionic form of Maxwell’s equation of
dyons in inhomogeneous medium. When the electromagnetic field is described
monochromatic, we have discussed pair of GDM equations given by equation
(71) and (72) in terms of wave number depending on wavelength. For source less
field these equations are reduced accordingly to equation (73) and (74). It has
been claimed that the medium is described as slowly changing when its prop-
erties are changed over distance much greater than the wavelength. We have
thus obtained the wave equation given by equations (75 - 77) which reduces to
equation (78) and (79).

Hence we may conclude that the presence of these results in the rotation of
electromagnetic fields and its observable, particular in the microwave range of a
particle consisting electric and magnetic charges (i.e. a dyon). Such experimen-
tal observations may be used in physical chemistry to characterize molecular
structure. The present theory of generalized electrodynamics of dyons leads the
connection between the mechanical parameters with the dielectric properties of
the brain tissue considered as bio plasma. Hence the proposal for dyonic bio
plasma plays an important role in the understanding of monopole and dyons.
Our theory reduces to the theories described earlier [19, 20, 21, 22, 23, 24| for
the case of electric charge in the absence of magnetic monopoles on dyon and
consequently the theories of pure monopole be described from duality in the
absence of electric charge on dyons. The quaternionic reformulation of gener-
alized Maxwell’s equations for the time - dependent electromagnetic fields here
opens new window for various applications of quaternion analysis of the present
theory.
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