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Abstract

From the invariance of the space time noncommutative relations generalized

local Lorentz and general coordinates transformations are derived. Moreover,

a generalized Klien -Gordon equation is obtained. Applied to the oscillator,

it shown that the space-time noncommutativity contributes to a free par-

ticle rotator with the moment inertia in rotating in a plane in the effective

weak magnetic field perpendicular to the plane of rotation. and the energy

eigenvalues are determined exactly.
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I. INTRODUCTION

The basic idea of noncommutative geometry is not new and has been known is the context

of string theory for some time [1].

We refer the reader to a few of the many excellent reviews of the mathematics of non-

commutative space ( [2], [3], [4], [5], [6]).

for a more rigorous understanding of the present material noncommuting coordinates are

expected on quite general grounds in any

theory that seeks to in corporate gravity in to a quantum field theory.
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Much research has all already in to under understanding noncommutative field theory(

[7], [8], [9], [10]) it is equivalent to working with ordinary filed theory and replacing the usual

product by the (∗) Moylle star product defined as follows.

f ∗ g = f exp
³←−
∂µθ

µν−→∂ν
´
g (1)

With this definition the space-time coordinates xµ do o (θ
3) not commute:

[xµ, xν ] = iθ
µν (2)

This ∗ product intuitively replaces the point-by-point multiplication of two field by a
sort of smeared product and the θ is an antisymmetric tensor.

this paper is organized as follows : in section 2, the derive the generalized infinitesimal

general coordinates and local Lorentz transformations. In section 3, we derive generalized

Euler-lagrange field equations and deduce a modified Klein-Gordon equation.

In section 4 the general Klein-Gordon oscillator in a noncommutative, can be repre-

sented by ordinary isotropic harmonic oscillator and particle free particle rotator withe the

moment of Inertia 2
m2θ2

is rotating in a plane in the effective magnetic field weak µ = $2θ

perpendicular to the plane of rotation.

Finally in section 5, we draw our conclusions.

II. GENERALIZED INFINITESIMAL GENERAL COORDINATE AND LOCAL

LORENTZ TRANSFORMATIONS

Under generalized general coordinate transformations with an infinitesimal noncommu-

tative parameter bξ, the coordinates bxµ which has as a representation:

bxµ = xµ + i

2
θµρ∂ρ (3)

becomes
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bxµ → bx0µ = bxµ + bξ (4)

with

bξµ = ξµ + eξµ + o(θ2) (5)

where eξµis an operator which depends on θ and ξµ(the ordinary general coordinate

transformation parameter). using eqs (1)-(4) and requiring that:

h
x0µ, x

0
ν

i
= iθµν (6)

straightforward simplifications give

h
x0µ, eξνi+ i

2
θµρ∂ρξ

ν = +
i

2
θνρ∂ρξ

µ + [xν , ξµ] + o(θ2, ξ2) (7)

it is to be noted that this last equation , has as a solution

eξµ = i

2
θαρ∂αξ

µ∂ρ +
i

2
θµρ∂ρξ

α∂α (8)

thus, the generalized general coordinate transformations which preserve the canonical

noncommutative space-time commutation relation take the form:

bx0µ = xµ + i

2
θαρ∂αξ

µ∂ρ +
i

2
θµρ∂ρξ

α∂α (9)

And under generalized infinitesimal local Lorentz transformations, the noncommutative

space-time coordinates x transform as:

bxµ → bx0µ = bΛµLσxσ + bΩµ (10)

where

bΛµLσ = δµσ + λµσ +
eλµσ (11)
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andbΩµand.eλµσare operators depending on θ and λ.here λµσ denotes the ordinary Lorentz

transformation parameter. Now, imposing the preservation of the canonical noncommutative

commutation relation (1) , a tedious but direct calculations leads to:

hbΩµ, xνi− hbΩν , xµ
i
+ iθµσλν

σ − iθνσλµσ +
h
xµ, eλν

σ

i
xσ

·
− i
2
θµρ∂ρ,λ

ν
σ

¸
xσ +

·
i

2
θνρ∂ρ,λ

µ
σ

¸
xσ + o

³
θ2,λ2

´
= 0 (12)

Its to be noted that this last equation, has as solutions

bΩµ = i

2
θµρλσ

ρ∂σ +
i

2
θρσλµσ∂ρ (13)

eλµσ = i

4
θαρ∂αλ

µ
σ∂ρ +

i

4
θµα∂αλ

ρ
σ∂ρ (14)

Notice that eq. (9) looks like poincaré or an inhomogeneous Lorentz transformation

where the translation parameter xµis related to the rotation parameterλρ
σ This means that

the generalized local Lorentz transformations in the noncommutative space-time induce at

the same time a curvature and a torsion(7).

III. GENERALIZED FIELD EQUATIONS:

In a general framework of a noncommutative space-time geometry and under infinitesimal

gauge variation of any dynamical filed Φ̂, one can write

δΦ̂ = bλ ∗ bG + ∂µbλ ∗ T µ

= δΦ+
i

2
θαβ (∂αλ∂βG+ ∂α(∂µλ)∂βT

µ) +
i

2
θαβθγδ(∂γ∂αλ∂δ∂βG+ ∂γ∂α(∂µλ)∂δ∂βT

µ (15)

Moreover, the scalar density ` is a function of the field and their and second and there

derivation i.e.
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$ = $
³
Φ̂, ∂µΦ̂, ∂µ∂νΦ̂, ∂µ∂ν∂ρΦ̂

´
(16)

and this , the variation of the scalar density under the infinitesimal gauge transformation

of $ reads

δ$ = δΦ̂
∂$

∂Φ̂
+ δ

³
∂µΦ̂

´ ∂$³
∂µΦ̂

´ + δ
³
∂µ∂νΦ̂

´ ∂$³
∂µ∂νΦ̂

´ + δ
³
∂µ∂ν∂ρΦ̂

´ ∂$

∂
³
∂µ∂ν∂ρΦ̂

´ = 0 (17)
Now,it is easy to show that the vanishing of the variation of the action lead to the

modified equations [11]

.δ$

δΦ̂
=

∂$

∂Φ̂
− ∂µ

∂$³
∂µΦ̂

´ + ∂µ∂ν
∂$³

∂µ∂νΦ̂
´ − ∂µ∂ν∂ρ

∂$

∂
³
∂µ∂ν∂ρΦ̂

´ = 0 (18)

IV. GENERALIZED KLEIN GORDON NONCOMMUTATIVE EQUATION

To determine the Klein Gordon field equation , we consider

$ =
√
g ∗ gµνDµΦ ∗DνΦ +m

2Φ ∗ Φ (19)

the Lagrangian scalare field

Where

∂`

∂Φ
=
√
g ∗Φ− i√g ∗ gµνAµDνΦ+

1

2
θαβ
√
g ∗ ∂αgµν∂β (AµDνΦ)− 1

2
θαβ
√
g ∗ gµν∂βAµ∂αDνΦ

+
1

4
θαβθγδ

√
g(∂γ∂αgµν∂δ∂β (AµDνΦ) + ∂γgµν∂δ(∂βAµ∂αDνΦ))

+
1

4
θαβθγδ∂γ

√
g∂δ(gµν∂αAµ∂βDνΦ) (20)

∂`

∂∂µΦ
=
√
g∗gµνDνΦ+

1

2
θαβηαµ∂β(

√
g∗Φ)+ i

2
θαβ
√
g∗∂αgµν∂β (DνΦ)+

1

2
θαβ∂α

√
g(gµν∗∂βDνΦ)
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+
i

4
θαβθγδ(∂γ

√
g∂δ∂αgµνη

β
µAµDνΦ+

√
g∂γgµνη

δ
µ∂αAµ∂βDνΦ.+ ∂γ(

√
g∂αgµν)∂β (AµDνΦ) .η

δ
µ

+∂δAµDνΦη
β
µ +

i

2

√
g∂γ∂αgµν∂δ∂β (DνΦ)) (21)

∂`

∂∂ν∂µΦ
=
i

2
θαβ
√
g ∗ gµν∂βDνΦ+

1

4
θαβθγδ(2∂γ

√
g∂αΦη

β
µη

δ
ν +∂γ∂α

√
gΦηβµη

δ
ν +
√
g∂δ∂αΦη

β
µη

γ
ν )

−1
4
θαβθγδ(∂α∂γ(

√
ggµν)∂δ (DνΦ) η

β
ν + ∂α∂γ(

√
g)∂δ (gµνDνΦ) η

β
ν + ∂γ(

√
g∂αgµν)∂β (DνΦ) η

δ
ν

+∂γ(
√
g∂αgµν)∂δ (DνΦ) η

β
ν + ∂γ

√
g∂δ∂αgµν (DνΦ) η

β
ν

+∂γ(
√
ggµν)∂β∂δ (DνΦ) η

α
ν − ∂α

√
g∂γgµν (DνΦ) η

β
µη

δ
ν)

+
1

4
θαβθγδAµ(

√
ggµν∂β∂δ (DνΦ) η

δ
νη

α
µ + 2∂γ(

√
ggµν)∂β (DνΦ) η

δ
νη

α
µ + ∂α∂γ(

√
ggµν)DνΦη

δ
νη

α
β

(22)

∂`

∂∂ρ∂ν∂µΦ
= −1

4
θαβθγδ(∂α(∂γ

√
ggµν)DνΦη

δ
ρη

ν
β + ∂γ(

√
g∂αgµν)DνΦη

δ
ρη

ν
β

+2∂γ
√
ggµνDνΦη

δ
ρη

ν
α +
√
ggµν∂β∂δDνΦη

γ
ρη

ν
α (23)

In a noncommutative Minkowski space in which the metric specified bydig (−+++) one
may describe the Klein Gordon Oscillator using the following equation (20, 21, 22, 23)in

shut that A (0,mwx) we obtain :("
1 +

m2$2

4

µ³
θ12
´2
+
³
θ13
´2¶#

p21 +

"
1 +

m2$2

4

µ³
θ12
´2
+
³
θ23
´2¶#

p22
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+

"
1 +

m2$2

4

µ³
θ32
´2
+
³
θ13
´2¶#

p23

+m2$2
³
x2 + y2

´
+ im2$2²ijkθ

ijLk
o
Φ =

³
E2 −m2 + 3m$

´
Φ (24)

If we put θ12 = θ and choose the rest of the θ components equal to zero ( which can

be done by a rotating in the Z direction) we arrive at the following equation which can be

solved exactly:("
1 +

m2$2

4

³
θ2
´# ³

p21 + p
2
2

´
+ p23 +m

2$2
³
x2 + y2

´
−m2$2θL3

)
Φ =

³
E2 −m2 + 3m$

´
Φ

(25)

The above equation can be solved exactly and has a similar behavior to the dynamics

of a free particle rotator with the moment inertia 2
$2θ2

in rotating in a pane in the effective

weak magnetic field µ = $2θ2 perpendicular to the plane of rotation. In should be noted a

noncommutative space is not isotropic and the energy eigenvalues are given by:

E2 = 2m$ (n+ 3/2) +m2 − 3m$ + m$θ

2
(n1 + n2 + 1)−m2$2θml (26)

V. CONCLUSION

Throughout out this work we have first constructed generalized infinitesimal local coordi-

nates and Lorentz transformation which preserve the noncommutative coordinates canonical

commutation relation . It turns out that the form of the latter, looks like classical inho-

mogeneous Lorentz transformation. This suggests that noncommutativity induces gravity

.Second we have generalized the equations of motion and derive a generalized field equations.

we have shown the appears of the new term in Hamiltonian of the oscillator in a noncommu-

tative space [12] which can be interpreted as a free particle rotator with the moment inertia

2
$2θ2

in rotating in a pane in the effective weak magnetic field µ = $2θ2 perpendicular to

the plane of rotation.
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