Journal of Nuclear and Radiation Physics, Val. 2, No. 1, 2007, pp. 37-48

STEADY PLANE COUETTE FLOW WITH POROSITY
IN THE PRESENCE OF A CENTRIFUGAL FIELD WITH
A VELOCITY DEPENDENT COLLISION FREQUENCY

A.M. Abourabia, F.M. EI-Malky*

Faculty of Science, Monoufiya University, Shebin-Elkom 32511, Egypt.
Email: am_abourabia@yahoo.com
*Faculty of Science, Al-Azhar University for Girls, Nasr City - Cairo
11471, Egypt.

Rec. 26/12/2006 Accept. 20/5/2007

The plane steady Couette gas flow with porosity is studied in the presence of a
centrifugal field. A model kinetic equation of the BGK (Bhatanger-Gross-Krook) type
is used to replace Boltzmann kinetic equation where the collision frequency is assumed
velocity dependent. We apply the method of moments to calculate the different
macroscopic properties of the gas such as the mean velocity, shear stress, coefficient of
viscosity as functions of the distance between two plates and the centrifugal Mach-
number. Some non-equilibrium thermodynamic properties of the system are
investigated namely the entropy, entropy production and internal energy change.

INTRODUCTION

In the analysis of the gas centrifuge, it is necessary to calculate the density and
flow profile of the gas as function of position within the device [1], Uranium
enrichment is the best known application .The enrichment in a single centrifuge is very
small, so a large number of machines have to be arranged in series to obtain a
sufficient degree of enrichment. The Moments method is used to replace the
Boltzmann equation for obtaining a suitable solution for any Knudsen number [2]. The
speed of rotation is very high and gives rise to a very strong centrifugal force. Due to
this force the gas is distributed in a very non-uniform manner between the outer wall
and the central axis. Indeed, calculations indicate that whilst the high density region
near the outer wall can be treated by continuum hydrodynamics, the region near the
axis behaves like a rarefied gas. Such behavior calls for special methods of analysis
based upon a kinetic theory description of the gas. The Boltzmann equation for gasesis
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know to describe the properties of non-equilibrium states to a high degree of accuracy
[3] and it should therefore, in principle tend to a precise assessment of the behavior of
a gas in the centrifuge. Practical centrifuges are of complex internal shape although
generally of cylindrical symmetry. However, even the problem of a rotating cylinder is
not simple to solve without extensive numerical computation and so alternative
methods have been suggested for gaining initial into this problem. Pomraning [4] has
proposed a simple modd of the centrifugal force in plane geometry using a fictitious
force term in the linear Boltzmann equation to simulate the centrifugal effect. This
equation was solved by Pomraning through the use of the half ranges expansion
technique using orthogonal polynomials. It was pointed out by Johnson [3] that
Pomraning's solution contains an error which leads to non-conservation of momentum.
This error has been corrected by Johnson who has also provided an exact solution of
the problem in the Knudsen limit. A full review of past work in the application of the
kinetic theory to this problem can also be found in Johnson's papers [3,5]. Recently a
series of works conducted by Aleksandrov [6-8] has been devoted to correct the ideas
and optimize the applications of gas centrifuge. The advancements associated with
modern day technology demands incorporation of the best physical understanding and
the most accurate modding of gas centrifuge in gases, so analytical or numerical
solution of these mode-based equations always requires the use of approximations,
especially concerning the BGK modd. Consequently, none of the existing methods of
calculation are valid for an actual centrifuge, athough they are valuable for
understanding the physical phenomena that take place within the gas centrifuge. In
recent times there have been major advances in the fundamentals, and this is the
subject of the present paper.

THE PHYSICAL PROBLEM AND MATHEMATICAL
FORMULATION

We consider in this paper the Pomraning problem plus porosity. A rarefied gas
flows between two infinite porous paralle plates. We take the y-axis perpendicular to
the plates and choose the origin of coordinates so that the plates are located in the plane
y = + d/2 where d is the plates separation. Let the velocities of the plates be
respectively + u/2 in the x-direction and the two plates are at equal constant

temperature, an external force acts on the y direction of strength (Ej = wzy per unit
m

mass, where w is a constant of dimension rad/sec. To investigate the effect of the
porosity of the plates, we consider that the gas flows out from the lower plate with
velocity V; = -au and from the upper plate with velocity V, = bu respectively. Herea, b
indicates the case of suction from the containing vessdl.
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The Boltzmann equation may be written in the following form [3]:

o, 5=, F 0. _

where J[f ] is the usual Boltzmann collision operator, here f (r, v', t) is the

distribution function dependent on the position r’, veocity v, and time t, Vis the
molecular velocity and F is the external force acting on the gas. For the Pomraning

problem with force given by F= mafy for the steady flow in the y- direction, so that
Eq. (1) reducesto
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A modd based on the Boltzmann equation with a veocity-dependent collision
frequency [9] is suggested. The callision term in Eq. (2) can be written in the B.G.K
modd [10] as J[f] = -Uf, —f), wherev is the callision frequency that depends on the
square of the velocity, it is proportional to the number density in the centrifugal field

n(y) =n,&™ ¥ g is at the walls where y = + d/2 [5], so that we can right the
collision termin the form

Jfl=-ACZ+Ce™ ™ (f, - 1),
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where A is a constant of dimension sec/cn?, f = n(—j g€V s the non-
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equilibrium distribution function while f;, = n(—j el s the equilibrium
Vg

o . 1 1 . . .
distribution function, a = = —, R is the universal gas constant , Ty is the

2RT, V7'
constant temperature and Vr is the thermal velocity. The callision term J[f] in Eq.(2) is
treated by the Liu et al. approach [11], which approximates the distribution function
itsdf. The eguation governing the chosen N parameters are obtained by taking N
moments of the Boltzmann equation. The Liu et al. [11] distribution function is written
in two discontinuous parts on both sides (1,2) of the cone of influence [10] in such a
way that for the plane Couette flow with porosity f is defined by:

Frofref)

where
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the minus or plus sign describes downward or upward going particles. In this problem
we want to investigate the variation of the mean velocity V' =(fo +ij)/ 2, the

component of the shear stress (pressure deviator) Py, and the viscosity coefficient p of
the gas as functions of the distance y between the moving plates at different values of
the force Mach number, and porosity parameters. Thus Eq. (2) yidds

0 0 2 2
C.—+a’y— |f=—e ™M EYIANC2+C2)(f - f). 3
{ Yoy yac} (Ci+CH)(f, - 1) ©)

y
Now multiplying Eq. (3) by any weighting function of the velocity 6 (C)and

integrating with respect to dC [12,13], in order to get the moment equations suitable
for our purpose, therefore

%[chf e,dc] oy I f dg' dc Ae‘M*z(l‘y)j[(C +C)6 (f ~f,)Hc. (4

Two equations are needed
() Bytaking8, =1inEgq. (4

ST TTestaee ] e, o -

-0 —0

Ae 2<1-y>[j”(c +c2)f- dc+”J(c +¢2) £ de- j” (c2 +c)fdc}

—00 —

Substituting the values of f * and integrating

i M = A M2 (1Y) V+2 V+2 3(\/2 V) \/E + _\/t
dy[n 5 } Ae n{ 5 2\/_\/_ ”6/X22\/2 Vxlel)- [

(i) Taking® =C, inEq. (4)
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After integrating the above equation we get

e A e )

" Vi2 +Vi2 _
=Ae™ (1‘y2)n X % +V1 V2 +1(in2V1 _inzvz) _
2Narmr a 2" 2 0]
All the variables and parameters of interest can be put in dimensionless form:
V,.=a"*V,, n(y) =n(y)/n,=e™"®"  d/dy=2/d.d/dy

Vi=(M /Ja)a, V,=(M /Ja)b

where M is the plate Mach number = a”2u, M " is the centrifugal force Mach

number = w \/E d/'2, both a,b arereal numbers.
Hence Egs. (1), (I1) can be rewritten after removing the primes as:

d [ iy (=) |- g govan | VitV , 3M(b+a) M@V +bVE
e M-—= , ©)
dy 2 2 2Jn Jn
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where A=——d /2.
Na

Differentiation of Eq. (5) w.r.t. yyidds

M yM +M*2(1-y?) +2 Mb +2 Ma 3M (b+a)
(o - 2o vz MDY el 17, M) MO+

Vi V) 2lm

(b -a)e™ Y = =BV, 2 + KV, +§ﬂ(b+a) (7)

2

MyM

Similarly EQ. (6) yields
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M y[f +M(b+a)]eM*2<1-yz>=Bv:22—Kvxf2+2me(b a) (8)
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Solving Egs. (7), (8) together we get
_yM %M 2“‘” 3KM
viEe=tl = —K “Jnv (b-a) - b+a ©)
. =y (b-a) \/—( a),
*2 M 2(1-y?)
vz _yM e 777

BBM
= L, +—B ‘M (b-a 8)-=

where S = K'B + B'K

is the suction factor

, and
L,=2K (\/?[+M(b+a))+KM(b—a), L, = [BM(b-2)-2B' (VT+M(b+3a) |

The mean velocity can be defined in a simple form

+ + V +
in :( X2 Xl) (20
2
The pressure deviator is calculated from the integral

= [c,c,f *dEzTﬁcxcyf‘dE+ﬁjcycx frdc

© 0 —co

{}/(\’ Vsz) W(\’xz ‘Vi)}

+

X1

or in dimensionless form

;=S BV - K V]

The viscosity coefficient 1 is defined as

V()
= - P{%} - (12)

(11)
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THE THERMODYNAMICAL PROPERTIESOF THE SYSTEM

The entropy:
We begin with the evaluation of the entropy per unit mass s [14 -16]. It is
written in dimensionless form as:
s=—[fInfdc==(f,Infdc+[ f,In f,dc)

= e A (M (1-y?) +J}(1+%(b+a))
_ﬂ(a+b)+|v|2(b2+a2)—§] (13)

Jn

The entropy production:
The Boltzmann's local entropy production inequality has the form [17-20]

o—=—ij(f,f°)|n fdc = 0.

After substitution of the collision term it reads
o=-kAe™ ([ (c? + c2)f Infdc- [(c? +c2)f, Infdc)

X

Therefore after performing the integrals the entropy production in dimensionless form
reads

2y 2 V2 o+ V2 M (V2 +av,?
o = e—ZM (1-y )|:(M (1_y2)) [ Xy Xy + 3M (b +a) + ( Xo al X1]

2 NV NTT
3nM(b+a) OM(B+8) . 2ns . ov rizpasiz s aongizy Vet Vi
- + -2M?(b* +a%) ~M?(b*V; 2 +a’V;?) -2
2 2\/;[ ( ) ( Xy xl) 4 :| (14)

The internal energy change dU of the substance according to the first and second laws
of thermodynamics is considered a function of thetemperature T and volume V:

dU=TdS-PaV , (15)

where dV =- (dn/n®) and P =T§78.
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DISCUSSION AND CONCLUSIONS

In this work we have studied the plane Couette flow problem with porosity in
the presence of a centrifugal field. From the evaluation of the formulas (10-15), we
obtain the following results illustrated in Figures 1.-12. where we take the plates Mach
number M=107

Figure 1. The mean velocity V vs. M  and Y  Figure 2. The mean velocity V vs. M™ and Y
at a=b=0 a a=b=25

—————
...
R

Y e -1

Figure 3. The shear stressPvs. M  and Y at Figure4. Theshear stressP vs. M and Y at
a=b=0 a=b=25

It is concluded that:

1) The flow velocity of the gas increases nonlinearly as the Mach number of the
centrifugal force M increases beginning from zero in the absence of porosity a=b=0 at
the central axis towards the plates, see Figure 1., which agrees with the result obtained
by Johnson [21,22]. As the effect of the porosity takes place, a=b=2.5, making the flow
velocity nonzero at the central axis increases, as shown in Figure 2.

2) The pressure deviator behaves in the same manner as the flow velocity. It does not
change significantly with any values of the Mach number. This could be reached
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experimentally by keeping the concentration of the working gas, isotopes of UFs,
constant inside the vessel [23], seein Figures 3., 4.

3) The viscosity coefficient decreases as the centrifugal Mach number increases, seein
Figures5., 6.

y -1
Figure 5. The viscosity coefficient & vs. M"  Figure 6. The viscosity coefficient 44 vs. M’
andY a ab=0 andY a a=b=25

Figure 7. The entropy production o vs. M~ Figure 8. The entropy production ¢ vs. M
and Ya ab=0 and Y at a=b=2.5

4) The thermodynamics characteristics

1) Through the choice of the controlling parameters in the system it is revealed that the
entropy production o is aways a positive quantity when the porosity is nonzero, see
Figures 8., and reaches a minimum value at the center i.e. the equilibrium state, which
is a good agreement with the Boltzmann H-theorem [14-16,21,22], 0 vanishes in the
absence of porosity, see Figure 7., and reaches a minimum value at the center i.e. the
equilibrium state.

I1) The entropy s equals zero at the small values of the centrifugal Mach number. It
increases nonlinearly as the Mach number M” increases to reach a maximum value i.e.
the equilibrium state at the center. It shown that the behavior of the entropy is not
affected when the two plates have equal porosity, see Figures 9., 10.
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Figure 9. The entropy Svs. M" and Y at Figure 10. The entropy Svs. M" and Y at
a=b=0 a=b=25

Figure 11. Theinternal energy changedU vs. Figure 12. The interna energy change dU vs.
M andY a a=b=0 M" and Y a a=b=2.5

I11) The internal energy change dU, see Figures 11., 12., reaches a maximum value at
the upper plate when the porosity a=b=2.5 and is suffering a maximum loss at the
lower plate. As a consequence of energy conservation it is shown that the energy loss
at the lower space is compensated at the upper space, dU increases as the Mach number
of the centrifugal force increases.
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